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Abstract
This article undertakes a reframing of the concept of teacher knowledge. It argues that in order to help teachers create more 
powerful learning environments, a much more general framing is required—one that incorporates a teacher’s perceptions, 
inclinations and orientations as well as their understandings and related proficiencies. A main point of departure is the Teach-
ing for Robust Understanding (TRU) framework, which focuses on essential dimensions of classroom practice. Questions of 
teacher knowledge are reframed as: “How can we reconceptualize teacher knowledge (perhaps better, teacher proficiency) so 
that it encompasses the broad range of perceptions, orientations, understandings and proficiencies that support teachers in 
crafting learning environments from which students emerge as knowledgeable, flexible, and resourceful thinkers and problem 
solvers? How can it be organized so that it can be worked on productively? This paper explores these issues. It employs the 
TRU framework as the initial mechanism for reframing, while drawing on Schoenfeld’s (How we think. Routledge, New York, 
2010) work on teachers’ decision making and Schoenfeld and Kilpatrick’s (International handbook of mathematics teacher 
education, volume 2: tools and processes in mathematics teacher education. Sense Publishers, Rotterdam, pp 321–354, 2008) 
work on teacher proficiency to suggest what should be included in an expanded framing of teacher knowledge.

Keywords Teacher knowledge · Teaching for robust understanding · Resources, orientations, and goals · Cognitive 
demand · Agency and identity · Formative assessment

1  Introduction and overview

The goal of this article is to reframe the notion of knowl-
edge, specifically knowledge for teaching. This project is 
analogous to Gee’s (1996) reconceptualization of discourse. 
For Gee, “small d discourse” represented the traditional con-
ception of spoken interactions: what is said, what it means, 
how it is interpreted, etc. But, he noted, we communicate in 
so many ways: our stances and actions often speak louder 
than words. Gee coined the notion of “big D Discourse” to 
expand the notion of what is communicated, and how. He 
argued, for example, that the very contexts in which people 
interact shape the meanings of their actions and the words 
they say—and the messages they convey. Analogously, 
“small k knowledge” typically denotes individuals’ docu-
mentable understandings. By “big Knowledge” I mean the 

set of tacit as well as explicit perceptions and understandings 
that drive the ways we act in the world—including awareness 
of not only context but interpersonal relationships and ways 
to “read” situations and act on them.

Consider, for example, small k knowledge as captured by 
assessments such as TEDS-M (see, e.g., Tatto, 2013) and 
MKT (Ball & Bass 2003; Hill et al. 2008). This kind of 
knowledge does not begin to encompass the set of personal, 
social, and institutional orientations, understandings and 
proficiencies that enable teachers to construct and maintain 
productive learning environments—a fact recognized by 
subsequent studies such as TEDS-FU (Hoth, Kaiser, Busse, 
Döhrmann & Blömeke 2017, Kaiser, Blömeke, König, 
Busse, Döhrmann & Hoth 2017) and anticipated more than 
30 years ago in Berliner 1986. Teachers’ proficiencies extend 
far beyond what they know, as the term is classically charac-
terized and assessed. In earlier ground-clearing work, Sch-
oenfeld and Kilpatrick (2008, p. 322) provided a tentative 
inventory of such understandings. See Table 1.

Research on decision making indicates that the in-the-
moment decisions made by teachers are a function of their 
knowledge and resources, orientations (their sense of what 
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matters), and goals (Schoenfeld, 2010). Any framework 
for improving teaching is thus incomplete unless it attends 
to these. But even if one focuses just on knowledge, what 
teachers draw upon in making those decisions includes more 
than small k knowledge. It includes, for example, sensing 
when a student is frustrated or needs some time to think 
through some ideas without being interrupted, and acting 
accordingly; providing opportunities and support for a group 
of students to cohere as a unit, so that all its members can 
contribute meaningfully to their collective work; “hearing” 
potentially rich ideas in what students say and helping the 
students frame their efforts so that they can engage pro-
ductively in sense making; and being oriented toward all 
of these actions as being valuable. I conceptualize this set 
of understandings and proficiencies as “big K Knowledge,” 
referred to as Knowledge from this point on. Accordingly, I 
refer to Teacher Knowledge.

I begin with a major shift of focus. Rather than start 
with the teacher as the focus of classroom attention, I start 
with the learner and the learning environment. Instruction 
can be considered successful when learners emerge from 
it as knowledgeable, flexible, and resourceful thinkers and 
problem solvers. A broad framing of the issue of instruc-
tion, then, is, “What are the attributes of learning environ-
ments from which students emerge as powerful thinkers?” 
The question of Teacher Knowledge then becomes, “What 
personal, social, and institutional understandings and pro-
ficiencies should teachers have in order to create learning 
environments with such properties?”

The lens through which I begin the long-term project of 
fleshing out Teacher Knowledge is the Teaching for Robust 
Understanding (TRU) Framework, a research-based and 
empirically validated framework that characterizes power-
ful learning environments (Schoenfeld 2013, 2014, 2015, 
2017a, b; Schoenfeld, Floden, and the algebra teaching 
study and mathematics assessment projects 2018). In brief, 
the TRU framework emphasizes the degree to which: (1) 
the content and practices in which the students engage are 
mathematically rich; (2) students engage in sense-making 
and “productive struggle”; (3) all students engage equitably 

with the core content and practices; (4) the environment pro-
vides students opportunities to develop a sense of agency, 
take ownership of the mathematical content, and build posi-
tive mathematical identities; and, (5) formative assessment 
shapes ongoing classroom practices in ways that adjust to 
“meet the students where they are.”

Following this introductory section, Sect. 2 describes the 
TRU framework and its key properties. Sections 3 through 
7 explore, in order, the implications of each of the five 
dimensions of TRU regarding ways that Teacher Knowl-
edge and classroom interactions might be (re)conceptualized 
and examined in light of the framework. The discussion in 
Sect. 8 reframes the notion of Teacher Knowledge and sug-
gests a research and development agenda.

2  The TRU framework

The TRU Mathematics Framework (Fig. 1) identifies five 
key dimensions along which classroom environments can be 
characterized: the mathematical content1; cognitive demand; 
equitable access; agency, ownership, and identity; and form-
ative assessment.

The origins of the framework and the rationale underly-
ing it are described in Schoenfeld 2013, 2014. In brief, a 
series of literature reviews identified hundreds of aspects of 
powerful mathematics classrooms. These were distilled into 
a minimal number of dimensions which have the following 
properties:

A. The items distilled into each dimension are of like kind, 
each dealing in some way with an aspect of classroom 
environments that has been deemed important in the lit-
erature. Each dimension names an aspect of classroom 
practice that is meaningful and recognizable.

B. The categories are minimally overlapping, with each 
having a certain integrity of its own. The idea here is 
that of a “nearly decomposable system”—in anatomy 
and physiology, for example, one speaks of the circula-
tory system, the respiratory system, the skeleto-muscu-
lar system, the nervous system, the digestive system, 
and so on. The systems interact, of course: for example, 
oxygenation, a core function of the respiratory system, 
depends on the circulatory system. But, one can think 
productively about each system (i.e., dimension) on its 
own.

Table 1  A provisional framework for proficiency in teaching math-
ematics. Reprinted, with permission, from Schoenfeld and Kilpatrick 
(2008, p. 322)

Knowing school mathematics in depth and breadth
Knowing students as thinkers
Knowing students as learners
Crafting and managing learning environments
Developing classroom norms and supporting classroom discourse as 

part of “teaching for understanding”
Building relationships that support learning
Reflecting on one’s practice

1 One reviewer noted a tension between the fact that the framework 
discussed here is mathematics-specific, while the claims about teach-
ing are general. There is a domain-general version of TRU, available 
at http://TRUFr amewo rk.org. Given that this article was written for 
ZDM and all of the examples I provide are mathematical, I have cho-
sen to focus on the mathematics-specific version of TRU.

http://TRUFramework.org
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C. The categories were constructed to be actionable—each 
can be the focus of professional development aimed at 
the improvement of instruction.

During the framework’s development, the TRU research 
group examined videos from classrooms that, on the basis of 
reputation and student test scores, were and were not consid-
ered examples of excellent teaching. Classrooms from highly 
regarded teachers consistently did well along the five dimen-
sions of TRU. The research group created a scoring rubric 
and the same property held: students from classrooms that 
scored well on the rubric were robust mathematical thinkers, 
as measured on tests of mathematical thinking and problem 
solving. See Schoenfeld 2017b and Schoenfeld, Floden, and 
the algebra teaching study and mathematics assessment pro-
jects 2018 for more fine-grained characterizations of what 
the framework and rubric look like in practice. In recent 
years TRU has been used as the underlying approach to pro-
fessional development in districts across the US, including 
Chicago, New York, Oakland, and San Francisco (see Sch-
oenfeld et al. 2019).

Here I summarize three key aspects of the framework.
First, the five TRU dimensions are, in the mathemati-

cal sense, necessary and sufficient to characterize powerful 

learning environments. They distill what has been found in 
the literature to be important about learning environments, 
so it is reasonable to expect that if things go well along all 5 
dimensions, students will emerge from instruction as power-
ful thinkers. If things go badly along any of the dimensions, 
they will not.

There is no claim that the decomposition in Fig. 1 is 
unique. The claim is that the 5 dimensions of TRU can be 
seen as spanning the space of teaching; it might be possi-
ble to develop an equally productive alternative set of basis 
vectors. Also, any choice of top-level dimension names 
and descriptions necessarily foregrounds some elements 
of instruction and backgrounds others. For example, some 
scholars consider “the safety of the classroom as a discourse 
space” to be essential and have asked why it is not visible 
in Fig. 1. It is there, but not visible at this level of detail. 
If students do not feel safe to venture ideas, they cannot 
develop a sense of mathematical agency—a serious issue 
with regard to dimension 4. Thus, one must read a lot into 
Fig. 1; unpacking it is a significant endeavor. See the tools 
(https ://trufr amewo rk.org/) as part of the ongoing work to 
do so.

Second, as framed in Sect.  1, TRU involves a fun-
damental shift in perspective, from teacher-centered to 

Fig. 1  The TRU mathematics framework

https://truframework.org/


 A. H. Schoenfeld 

1 3

student-centered. The key question is not: “Do I like what 
the teacher is doing?” It is: “What does instruction feel like, 
from the point of view of the student?” This perspective 
is encapsulated in Fig. 2, which identifies the key ques-
tions about the learning environment from the student’s 
perspective.

Third, TRU is not prescriptive. It does not say how to 
teach, because there are many different ways to be an effec-
tive teacher. For example, Teacher A may use some particu-
lar classroom techniques to support students in voicing their 
opinions and building on each other’s ideas, while Teacher B 
may use others. Their teaching may appear different on the 
surface; what matters is that their students have significant 
opportunities to develop a sense of agency, ownership, and 
identity (dimension 4).

TRU’s function in action is to problematize teaching—to 
raise a series of questions about instructional practice, ask-
ing if current practices can be improved. (For dimension 
1, for example, is the mathematics as rich as it might be? 
For dimension 2, how are students being supported when 
they get stuck? And so on.) The tools available (https ://trufr 
amewo rk.org/) provide support along these lines. Simi-
larly, TRU does not “compete” with various approaches to 
improve teaching. TRU can be used to problematize them 
as well.

Fundamentally, TRU is an orientation to instruction that 
foregrounds the student experience. As we now shift our 
attention to the teacher, the question becomes: what fun-
damental understandings and proficiencies must a teacher 
have to craft learning environments that are powerful 
along each of the five TRU dimensions? How can such 

proficiencies—Teacher Knowledge—be examined and 
supported?

I note that mathematics will be significantly present in 
each of the dimensions. To adjust cognitive demand, for 
example, teachers must be able to see what in the mathemat-
ics is challenging for students, and how to make aspects of it 
accessible without “giving the game away.” That interaction 
is the essence of a nearly decomposable system, as discussed 
above.

3  Teacher proficiency in dimension 1, 
supporting rich mathematics

The literature on teachers’ mathematical knowledge and its 
assessment is well represented in this volume. I will refer 
to some of the most widely known perspectives, and then 
expand the space.

Teachers should know the mathematics they are expected 
to teach, in a deep way; they should understand how stu-
dents come to grips with that mathematics, and be prepared 
to respond productively to what students, in the moment, 
reveal of their understanding. This connects to much of the 
foundational work in the literature, e.g., the TEDS-M stud-
ies of teacher proficiency (Tatto 2013) and subsequent work 
(Hoth et al. 2017, Kaiser et al. 2017), Ma’s 2010 study of 
expert teachers’ “profound understanding of fundamental 
mathematics,” Shulman’s (1986, 1987) introduction of the 
idea of pedagogical content knowledge, and its elabora-
tion, for example, in Ball, Bass, and colleagues’ study of 

Fig. 2  Key aspects of the 
lesson, from the student 
perspective. Reproduced, with 
permission, from Schoenfeld & 
The Teaching for Robust Under-
standing Project 2016, p. 2

https://truframework.org/
https://truframework.org/
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mathematical knowledge for teaching, or MKT (e.g., Ball 
& Bass 2003).

My point of departure is a question from a symposium 
held in Japan, and the volume that resulted from it (McDou-
gal 2017): What is “essential mathematics” for the next gen-
eration? Participants agreed that:

(a) content emphases will evolve over time (for example, 
statistics, data analysis, and mathematical modeling 
have increasingly taken a central role in most curric-
ula), and there will be an ongoing need for focus and 
coherence (see, e.g., Schmidt, McKnight, Valverde, 
Houang and Wiley 1996).

(b) there must be significant attention to what have been 
called mathematical processes and practices—begin-
ning with research on mathematical modeling (e.g., 
Burkhardt 1981) and problem solving (e.g., Schoen-
feld 1985), expanded by NCTM (National Council of 
Teachers of Mathematics 1989, 2000) into a focus on 
problem solving, reasoning, connecting, communicat-
ing, and representing, and expanded further by the 
Common Core (Common Core State Standards Ini-
tiative 2010). I have come to think of these, including 
“mathematical habits of mind” as described in Cuoco, 
Goldenberg, & Mark 1996 as Productive Patterns of 
Mathematical Thinking, or PPMT.

3.1  Thinking more deeply about content, 
including PPMT

The most promising approach to curriculum content in sup-
port of PPMT that I know was advanced in Swan 2017. 
Swan proposes a task-based curriculum, with the idea that 
different genres of mathematics tasks can play much the 
same role that different genres of writing currently play in 
Language Arts classes. In Table 2 (Swan 2017, p. 33), he 
identifies certain process goals whose learning can be sup-
ported by student engagement with particular task types and 
classroom activities. This work raises the issue of design, 
to which I shall return briefly in the concluding discussion.

3.2  Taking a “long view” of content

I believe we’ve been thinking about content the wrong ways. 
First, there is a problem of granularity—the grain size at 
which we specify content and teachers focus on having 
students engage with it. A focus on detail leads to the loss 
of the big picture, partly because the big picture has never 
been specified. In this section I tell three stories that make 
the point and then suggest a remedy. But first, two framing 
thoughts. A common complaint is that students forget con-
tent rapidly: after summer vacation, content needs to be re-
taught. More generally, the dismal performance of students 

on delayed post-tests indicates that mastery of content tends 
to decay rapidly. Might that be because the students do not 
have big ideas to attach the fine-grained skills to? Also, a 
focus on big ideas supports sense making, and with it a sense 
of agency. On this point, see especially Sect. 3.2.2.

3.2.1  What’s important about the equations of straight 
lines?

The first calculus course I taught, literally 50 years ago, 
began as many calculus courses do today, with a review of 
linear functions. It quickly became clear that my students 
thought there were many different kinds of linear func-
tions—those described by the point-slope formula, the 
two-point formula, the slope-intercept formula, the two-
intercept formula, and those written in the general form 
Ax + By = C—and that each form had to be memorized and 
used when the teacher or task called for it (e.g., given two 
intercepts, you use the two-intercept formula). An under-
standing at this level of grain size misses the point entirely. 
The main point is that:

Any two distinct pieces of information about a linear 
function determine the function, and therefore, its 
equation.

With that understanding, there is no need to memorize all 
the different forms. One can use any of the forms to obtain 
the equation, although some will be more convenient than 
others given the particular information at hand. Writing or 
rewriting an equation in any particular form makes it easier 
to “read” specific information from that form.

3.2.2  What’s important in solving algebra word problems?

Some 30 years ago the mathematician J.J. Price joined my 
research group. We were researching students’ approaches 
to algebra word problems—distance-rate-time problems, 
mixture problems, age problems, work problems, etc. The 
experts in our midst—recent high school teachers—knew 
formulas for all of these problems. J.J. didn’t. We gave him 
a problem like this:

Alan can clean a house in 6 h. J.J. can clean a house 
in 4 h. How long does it take them to clean a house 
if they work on it simultaneously, and don’t interfere 
with each other?

His immediate response was, “I haven’t worked prob-
lems like this in 40 years. There’s a formula, but I don’t 
have a clue what it is… OK, so what can I combine? I 
can’t add hours, that doesn’t make any sense. I can’t add 
houses. But wait, I can add the parts of the job we get done 
in the same time. Say we work for an hour. Alan gets 1/6 
of the house cleaned, and I get 1/4 of the house cleaned. 
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Table 2  Goals, student products, task types and classroom activities

Goals Student products Task types Classroom activities

Factual recall procedural fluency Technical performance Memorize and rehearse Rehearsing well-defined procedures 
through exercises or etudes

Systematically using and memorizing 
mathematical terms and notations

Conceptual understanding (reasoning 
and communicating)

Classification
Definition

Sort, classify, define and deduce Observing and manipulating mental 
objects

Identifying and describing attributes and 
sorting objects accordingly

Creating and identifying examples and 
non-examples

Creating and testing definitions
Representation Describe interpret and translate Interpreting representations of relation-

ships, including diagrams, graphs, and 
formulae

Translating between representations and 
studying covariation between represen-
tations

Analysis Explore structure, variation, connec-
tions

Studying and modifying mathematical 
structure within situations

Exploring relationships between variables
Comparing and making connections 

between mathematical structures
Argument
Proof

Test, justify and prove conjectures Making and testing mathematical conjec-
tures and procedures

Identifying examples that support or 
refute a conjecture

Creating arguments that explain why 
conjectures and procedures may or may 
not be valid

Mathematical literacy (solving prob-
lems)

Mathematical model Formulate mathematical models and 
problems

Identifying accessible questions in real 
life contexts

Making suitable assumptions to simplify 
a situation

Representing situations mathematically
Identifying significant variables in situ-

ations
Generating relationships between vari-

ables
Solution Employ strategies to solve a problem Planning an approach to a problem

Selecting and applying appropriate math-
ematical concepts and procedures

Selecting and using mathematical tools, 
including technology

Carrying out a plan, monitoring progress 
and changing direction when necessary

Making generalizations based on the 
results

Critical commentary Interpret and evaluate solutions and 
strategies

Interpreting, adopting and continuing a 
given strategy

Comparing alternative strategies; 
strengths, weaknesses and domains of 
application

Examining solutions for reasonableness 
within the context

Analyzing strategies and arguments: 
where might they be improved?

Interpreting and testing the adequacy and 
limits of mathematical models

Making connections with previously 
encountered problems
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Together, we get 1/6 + 1/4 = 5/12 of the house cleaned in 
an hour, so it takes 12/5 h to finish the job.”

J.J. knew enough to work the problem from first princi-
ples. When you do, the rest follows. This applies to all of 
the word problem in high school algebra—indeed, to all 
of the mathematics in the K-14 curriculum. If you know 
what matters about the quantities being discussed and how 
to represent them, you can regenerate the rest.

Such examples raise some critical issues. The first is 
grain size. The algebra curriculum includes numerous 
types of word problems. Anyone who memorizes the vari-
ous equations for lines, or the range of formulas found in 
algebra texts (e.g., for the work problem above the formula 
is T

A
+

T

B
= 1, where T is the time spent working together, 

A is the time for person A working alone, and B is the 
time for person B working alone) is burdened with a huge 
memory load. Absent a top-level view, the amount to be 
learned can be overwhelming. The plethora of detail is 
one reason that performance drops off rapidly with time.

But there’s much more to the story. J.J.’s knowledge was 
generative. With the right understandings (in this case that 
rates can be combined, while other quantities can’t be) he 
was able to figure things out rather than being slave to a 
possibly faulty memory. Among the mathematical practices, 
“figuring things out on the basis of big ideas” should have 
as important a position as problem solving, reasoning, mod-
eling, etc.

3.2.3  What’s important about translations, etc., 
of quadratic functions?

I recently worked with a high school mathematics depart-
ment that wanted to help students understand function trans-
formations. Their lesson was tied to specific standards from 
the U.S. Common Core (2010), e.g.,

HSF-BF.B.3 Identify the effect on the graph of replac-
ing f(x) by f(x) + k, k f(x), f(kx), and f(x + k) for specific 
values of k (both positive and negative); find the value 
of k given the graphs.

The teachers had designed a technology-based discov-
ery lesson, in which students would use graphing technol-
ogy to create the graphs of functions such as f(x) = x2 and 
g(x) = x2 + 8, and discover that g(x) is a vertical translate of 
f(x)—that is, g(x) = f(x) + 8.

There were some implementation issues. One is that the 
text, and the teachers, emphasized the letters h and k in the 
standard form, when graphing f(x) = (x − h)2 + k: there were 
many questions of the form “What does h do, what does k 
do?” That may not seem like a problem, but, after the sum-
mer vacation, will students remember which is h, and which 

is k? Will they remember that the form has a minus sign, and 
that f(x − h) translates f(x) h units to the right? It’s unlikely.

In the lesson students were trying to compare the graphs 
of f(x) = x2 and g(x) = x2 + 8. See Fig. 3 for what they saw. 
The graph on the top does not look like the graph on the 
bottom was picked up and moved 8 units. (See Schoenfeld, 
Smith and Arcavi 1993.)

This raises the fundamental question of what is impor-
tant to know about functions in general, and quadratics in 
particular.

For me the first conceptual issue is, what does a function 
do? f(x) = x2 takes x and squares it. The function g(x) = x2 + 8 
takes x and squares it, and then adds 8. So for any particular 
value of x, g(x) will be 8 units above f(x). What does f(3x) 
do? How about f(x − 5), f(x + 5), etc.? How do I figure out 
what g(x) = f(x − 5) looks like? Well, g(5) = f(0); g(6) = f(1); 
g(7) = f(2), etc. Hmm, it looks like g(x) is simply f(x) moved 
5 units to the right. These, I’d argue, are critical questions for 
mathematical sense making (even when you use technology 
to save the trouble of plotting points).

Asked to sketch the graph of f(x) = − 3(x + 2)2 + 4, here’s 
how I think:

I know what x2 looks like. 3x2 is skinnier, because 
it grows faster. − 3x2 has the same shape as  3x2 but 
turned upside-down. − 3(x + 2)2 moves [− 3x2] 2 units 
to the left, and [− 3(x + 2)2 + 4] moves that function up 
4 units. The resulting graph is a skinnyish upside-down 
parabola with vertex at (− 2, 4); if I need greater preci-
sion, I can plot a few points.

Also, I know that any quadratic function can be expressed 
in the form f(x) = a(x − h)2 + k; if a and k are positive, f(x) 
has no real roots and the graph (as in the case of x2 + 8 
above) does not cross the x axis); and so on. That’s the kind 
of thinking I want students to be able to do.

3.2.4  What’s missing from the curriculum, from teacher 
knowledge, and from research?

I have just given three examples of a general phenomenon: 
the way that content is typically specified in fine-grained 
standards says what students should know and do without 
linking in meaningful ways to the big ideas behind them. It’s 
not that some of these things don’t get passing mention; it’s 
that they’re not central.

To honor J.J. Price’s approach, I coined the notion of the 
“rusty expert” paradigm. The question is not, what do you 
need to know to perform well in the domain? That’s what 
we’ve been focusing on, with the almost inevitable result 
that students suffer significant memory loss over time. The 
more serious question is, what do you need to know so that 
you can regenerate the specifics you need in order to be 
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able to solve problems in the domain? That’s the Knowl-
edge that enables you to succeed long after instruction. I’m 
not saying that the fine-grained specification of content isn’t 
important, or that you’re not much faster if you know the 
details. But the details fade if you don’t have the deep struc-
ture—the understandings that really count. As a field, we 
haven’t specified what that kind of understanding is. These 
particular understandings include more than standard con-
tent knowledge or pedagogical content knowledge (PCK), 
because most people don’t have them. We need to begin 
with profound understanding of content fundamentals (an 
analogue of Liping Ma’s 2010 work), which then needs to be 
translated into a profound pedagogical knowledge of content 
fundamentals.

Again, I stress that sense making is what helps to gener-
ate agency on the part of learners. Compare J.J.’s use of 
language with the solution quoted above. J.J.’s language is 
personal, meaningful, and agentive, while the formal lan-
guage is distant and dehumanizing. It goes without saying 
that J.J. can write up his solution in formal language if he is 
asked to—but that solution will codify the sense making he 
has done. This is what we want for students as well. We need 
to think carefully about how and when to move to formalism, 
as part of sense making.

To return to the notion of Teacher Knowledge: what I 
have described in this section is a body of Knowledge that 

needs to be elaborated and that teachers need to develop. 
What is essential are the practices of mathematical sense 
making, undergirded by content specifics at a medium grain 
size that support the (re)generation of the more fine-grained 
content that is typically specified and taught.

Fleshing out this kind of Knowledge is an R&D program 
the field needs to embark on: what is essential in various 
mathematical subdomains, and what are learning trajectories 
that would help students develop that essential knowledge?

3.3  Thinking more deeply about productive 
patterns of mathematical thinking

In indent (b) at the beginning of Sect. 3 I pointed to the 
fact that mathematical processes, practices, habits of mind, 
etc. (Productive Patterns of Mathematical thinking—PPMT) 
have been given some but not nearly enough attention. While 
content has been delineated in ways that support straightfor-
ward curriculum development, PPMT have not; and, produc-
tive pedagogies for helping students develop PPMT have not 
been worked through. We have come a long way: problem-
based learning is now an established approach to curricu-
lum development, and “problem solving, reasoning, etc.” get 
some attention. But, we are not as far along in delineating 
PPMT in usable ways as we should be, and we have not yet 
found productive ways to merge fundamental understand-
ings of content with fundamental understandings of PPMT. 
The content lives in the practices, and the practices live in 
the content. Making this happen, at scale, is another neces-
sary R&D project. Cycling back to Table 1, one sees that 
Swan’s approach offers a mechanism for potential inroads. 
This is both an issue of understanding and an issue of design, 
as we move toward supporting the development of Teacher 
Knowledge.

First steps We might begin by working on the generative 
ideas in critical mathematical subdomains, and expanding 
on materials that support problem solving, such as the prob-
lem solving FALS (see https ://www.map.maths hell.org/lesso 
ns.php).

4  Teacher proficiency in dimension 2, 
supporting productive struggle

I begin this section with an illustration of how TRU focuses 
productively on the classroom experiences as seen from the 
student’s perspective. This vignette indicates the compre-
hensiveness of TRU, and the interrelatedness of the five 
dimensions of the framework, in the sense of their being a 
“nearly decomposable” system (cf. Sect. 2). It also expands 
the frame of discussion, pointing to the fact that teaching is 
a deeply personal, relational, sociocultural act.

Fig. 3  f(x) and f(x) + 8 do not look like vertical translates

https://www.map.mathshell.org/lessons.php
https://www.map.mathshell.org/lessons.php
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Many teachers see student perseverance as a major chal-
lenge: “We can’t get our students to persevere. If they don’t 
have an answer or method at hand, they tend to give up.” 
From an external point of view, this question is akin to “How 
do I get students to work harder?” Is it a question of motiva-
tion? Rewards? Or…

Things look different through the student lens. Why 
would a student persevere? Fundamentally, perseverance is 
a question of agency. If a student has a sense of agency—the 
belief that if they work hard, they will make progress—then 
they are likely to try doing so. A sense of agency doesn’t 
come from doing simple exercises that can’t be considered 
meaningful, or from getting praise for completing such work. 
It doesn’t come from being unsuccessful day after day at 
tasks that are beyond reach, or from being told what to do 
when you get stuck. It comes from making progress on prob-
lems that one considers meaningful challenges. Seen this 
way the key question then becomes, what’s within reach? 
That’s the issue of cognitive demand. (And, to return to the 
interconnectedness of the dimensions, the teacher will, in 
practice, use formative assessment to help set the “right” 
level of cognitive demand for students.)

Adjusting cognitive demand calls for socio-emotional, 
organizational, and mathematical understandings. To begin, 
consider the kinds of thinking required when a teacher 
observes that a student is “stuck.”2 What constitutes an 
appropriate response in this kind of situation?

It depends. Does the student appear to be frustrated, about 
to give up? What’s the student’s history? How resilient do 
they tend to be? What are the options for addressing the 
issue? Will a simple “tell me what you’re thinking” open 
up the space of possibilities? Are nearby students resources 
that might be recruited profitably? Can questions about alter-
nate approaches or representations open things up without 
giving too much away or robbing the student of initiative? 
What’s the “right” level of challenge? Can group dynam-
ics be exploited in productive ways? These require judg-
ment calls, depending on the student’s history, norms that 
have been established in the class, how safe it feels for the 
student to work on a problem without success, and more. 
In practice, setting cognitive demand (a major function of 
formative assessment) depends on how the teacher sees all of 
these issues. These are all fundamental understandings at the 
“micro” level, which would profit from greater examination. 
For an illustration, see Sect. 5.

There is also the question of the content itself. Straight-
forward procedural content leaves little room for students 
to engage in sense making or productive struggle: if stu-
dents are meant to traverse a narrow pathway toward content 

mastery, there are few options other than to give them hints 
along the way. In contrast, consider problems that can be 
approached in multiple ways, or for which multiple repre-
sentations provide additional insights. Even if aspects of 
the problems may seem more challenging, multiple entry 
points may make it easier for students to find handholds. 
Realizing and acting on this understanding is both a mat-
ter of Teacher Knowledge and a design challenge [cf. the 
idea of “group-worthy problems” as discussed in Complex 
Instruction (Cohen & Lotan 2014; Cohen, Lotan, Scarloss 
& Arellano 1999; Horn 2012)].

Another approach, Diagnostic Teaching (Bell 1993, Swan 
2006), is embodied in the numerous examples in the forma-
tive assessment collection (http://map.maths hell.org/lesso 
ns.php). Figures 4 and 5 provide examples from the lesson 
entitled “Evaluating statements about length and area.” They 
show how alternative forms of mathematical questions can 
provide students with increased opportunities for rich math-
ematical discussions.

Also, familiar tasks can be opened up in ways that allow 
for students to find their own level of appropriate challenge 
and dig more deeply into the mathematics. For example, 
Schoenfeld and the Teaching for Robust Understanding Pro-
ject (2019) discuss the following task:

Train A leaves a train station at noon and travels at a 
steady speed of 50 miles per hour. Three hours later 
Train B leaves the station on a parallel track, traveling 
at a steady speed of 60 miles per hour. How long does 
it take for Train B catch up with Train A?

This task is typically a 5-min exercise in an algebra class. 
Yet, I have spent a productive hour working the task with 
groups of pre-service teachers. They start by working in 
groups of two or three, using any methods that feel com-
fortable, making posters demonstrating their solution meth-
ods. These are posted around the room. A number of groups 
make tables, all the way up to 18 h. On some tables Train B 
starts at the 3rd hour, not the 4th; some students say it takes 
18 h for the trains to meet, some 15. On some of the graphs 
train A starts at t = − 3, on some Train A starts at t = 0. The 
algebraic solutions are quick—some equations are of the 
form 50t = 60 (t − 3) or 50(t + 3) = 60t—and the answers are 
either 18 or 15.

I work through the posted solutions, starting with the 
tables. When does Train B start? When do you start count-
ing hours? Etc. But then things start to get interesting as I 
pose the following questions:

• Can you see Train B catching up with Train A in the 
tabular solution? In the graphical solution? In the alge-
braic solution?2 Note that making the observation itself is part of an effective teach-

er’s proficiency—cf. the “noticing” literature, e.g., Sherin, Jacobs, 
and Philipp, 2010.

http://map.mathshell.org/lessons.php
http://map.mathshell.org/lessons.php
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• Could you predict when train B will catch up with Train 
A by looking at the way Train B is catching up, on a 
table, a graph, or using algebra?

• Some tables have Train A start at t = 0  h, some at 
t = − 3 h. What is the advantage of doing either one? 
Similar questions for graphs. Where does this informa-
tion appear in the algebraic approach to the problem?

This discussion offers something for everyone. Students 
who begin with tables get to engage at that level, and they 
advance by seeing how their ideas connect to the more 
sophisticated representations. But even those who take 
naturally to the algebra may have to think twice about the 
links between representations and where, for example, you 
can “see” Train B catching up to Train A in the algebraic 
representation.

Let us now reflect on the kinds of Teacher Knowledge 
that would support powerful student engagement at an 
appropriate level of cognitive demand. Teachers must have 
an appropriate sense of what matters in the mathemat-
ics. They must be flexible in moving between representa-
tions and in understanding the affordances of the differ-
ent representations. They must have relevant curricular 
knowledge. They must have the pedagogical understand-
ings and design skills that would help to compensate for 
typical textbook exercises like the train problem posed 
above. There is then the question of how to orchestrate and 
support conversations that exploit the affordances of such 
tasks. It should be clear (see also Sect. 7) that students are 
resources in this endeavor: small groups working together 
can help each other, if the right norms are in place. Creat-
ing norms for mathematically productive discussions is 
a challenge. So is “taking the temperature” of the room 
and of individual students, and choosing among various 

pedagogical options to increase the likelihood that stu-
dents are productively engaged (e.g., is it time to shift 
activity? Should we be doing whole class or small group? 
Should I present some information or rely on students to 
raise the relevant ideas?). All of these call for Teacher 
Knowledge that is ill understood. Part of the field’s R&D 
agenda should include understanding these proficiencies 
and designing classroom materials and professional devel-
opment to support their development.

First steps We might begin by building video cases that 
document/explore ways in which teachers observe/adjust 
cognitive demand.

5  Teacher proficiency in dimension 3, 
equitable access to rich content

The issue of “equitable access” concerns not only who 
participates in the mathematical activities of the classroom 
but also how they participate. Potential modes of engage-
ment include talking, writing, listening hard, paraphras-
ing, revoicing, manipulating symbols, making diagrams, 
interpreting text, using manipulatives, conjecturing, gener-
ating examples and counterexamples, and connecting dif-
ferent ideas. Opening up the classroom so that all students 
have such opportunities and can build on their individual 
strengths in taking them up calls for a range of curricular, 
pedagogical, and interpersonal understandings.

Here I briefly describe and then unpack an eighth grade 
classroom episode in which the teacher was using Com-
plex Instruction (Cohen & Lotan 2014, Cohen, et al. 1999). 
The class worked in small groups with “algebra tiles,” flat 
plastic objects depicted in Fig. 6. The small square denotes 
a (1 × 1) tile, and the rectangle a (1 × X) tile.

Fig. 4  A rich task for whole class discussion, introducing the always/sometimes/never form
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The task was to determine the perimeter of the object in 
Fig. 7, and to be able to explain clearly what the perimeter is.

This group-worthy task can be approached in various 
ways. Each of the interior, uncovered parts of the rectangles 
has length (X − 1); tracing one’s way around the figure can 
give the perimeter. Algebraically, the perimeter can be writ-
ten as [18 + 2X + 8(X − 1)]. Or, one can observe that the “L” 
shapes made by the side of a truncated rectangle and the 
adjacent square have a total length of X. In that case there are 
2 X’s on the outside of the figure, 8 L shapes (each of length 
X), and 10 1’s. These very different methods yield a perim-
eter of (10X + 10). There is a lot to compare and contrast.

When this teacher discussed the problem, she did not 
stop when students said the perimeter is 10X + 10. She 
asked them to show her separately where they can see the 
10, and where they can see the 10X. Doing so requires real 
conceptual understanding.

This teacher’s students are expected to be resources for, 
and accountable to, each other; for example all students 
in a group must agree they need to call a teacher for help. 
When they believe they have solved a problem, they call 

the teacher over to present their solution. The teacher ran-
domly chooses a group member, who is the group spokes-
person from that point on.

A particular group involved students A (female), B 
(male), and C (female). Student A had been designated 
spokesperson. She said the perimeter was 10X + 10. The 
teacher asked her to “show me the ten.” Student A enu-
merated the long sides (the X’s) but then faltered when 
the teacher said, “I didn’t ask for the X’s, I asked for 10.” 
Students B and C were ready to jump in with answers, but 
the teacher stopped them, saying it was A’s responsibility. 
Student A said she didn’t remember, and the teacher said 
“OK, so then I’ll need to come back.”

B began to say, “when she comes back tell her…” but 
A made it clear that repeating B’s words wouldn’t do—she 
needed to understand, because the teacher would probe her 
understanding. B and C set out to work through a solution, 
partly in Spanish, partly in English. What they said went 
by too fast for A, who insisted they slow down, and started 
questioning. Then she took the initiative, working through 
the details.

Fig. 5  Tasks that support deep 
engagement and collaborative 
group interactions
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The teacher (T) returned and again asked A, “where is 
the ten?” Student A once again showed 10X. T said “I’m 
confused. Did you show me the 10 or the 10X?.” It was clear 
that student A had made progress, but she did not have things 
down solidly. There is an exchange in which the rules of the 
game are reinforced: although B or C may understand, it is 
not their job to explain to the teacher, but to A, until A is on 
top of the material. All this was done with positive affect, 
although A obviously found it stressful; after T left, she dug 
back into the problem with B and C. When T returned A 
showed her the 10 and when asked, showed her 10X as well. 
Student A was not only relieved, but (see Sect. 6, on agency) 
substantially bolstered by her performance. T’s parting 
words as she left for another group were “You need to make 
sure you keep everyone together and everyone understands.”

There is much to say about this episode and what it calls 
for on the part of the teacher. There is the question of estab-
lishing the social and intellectual norms, or the didactical 
contract (Brousseau 1997) in the classroom. This teacher 
created an environment in which it was safe for students 
to reveal their partial understandings, both to her and to 
their peers. The goal was for everyone to develop deep con-
tent understandings. If a student didn’t get something yet, 
that was something to work on, rather than being seen as 
a tacit or explicit deficit, as is typical in most classrooms. 
Then, there are the sociomathematical norms (Cobb & 

Yackel 1996, Yackel & Cobb 1996) regarding what consti-
tutes robust mathematical explanations. Establishing these 
demands substantial Teacher Knowledge.

Classroom norms entail multiple accountabilities. Stu-
dents are accountable to the teacher, who has not ceded her 
authority as the person responsible for crafting a produc-
tive learning environment. But, her authority is not that 
things are deemed true because she says so. The students 
are accountable to the mathematics—they are expected to 
understand and explain the key ideas. Thus, authority in 
the sense of “authoring” the mathematics belongs to them. 
Equally important, the students are accountable to each 
other. It is their responsibility to make sure that their group-
mates fully understand the mathematics.

Enacting this kind of instruction rests on multiple peda-
gogical and interpersonal understandings. Here Complex 
Instruction (Cohen & Lotan 2014, Cohen et al. 1999, Horn 
2012) provided an approach to groupwork with equitable 
goals, but implementing that approach was non-trivial. Build-
ing the climate and the sense of teamwork that enables each 
group to work productively demands multiple sensitivities, 
among them: having a sense of what each of A, B, and C can 
contribute, and of how much frustration A can bear before the 
burden becomes too much; judging when to push and when 
to pull back; judging when the group can continue to function 
well on its own; and judging when it might be good to provide 
additional support in ways that do not undermine the group.

There are numerous strategies, large and small, that teach-
ers can use to enhance opportunities for equitable access in 
their classrooms. These include using equity sticks, whip-
arounds, and participation chips; they include using activity 
structures such as think/pair/share and gallery walks; they 
include using tools such as EQUIP (Reinholz & Shah 2018) 
to monitor activity patterns in one’s own instruction (see 
Schoenfeld and the Teaching for Robust Understanding 
Project, in preparation, for brief discussions of these and 
other classroom tools). None of these tools will be especially 
effective if used in purely mechanical ways or in classroom 
environments that are not safe and welcoming; indeed, all 
of the comments made above about necessary interpersonal 
understandings for the effective implementation of such 
approaches apply across the boards.

First steps This is well-plowed territory—overviews and 
pointers to productive practices might be useful.

6  Teacher proficiency in dimension 4, 
agency, ownership and identity

Not long after the discussion described in Sect. 5, the teacher 
came by to see how the group was doing. Her interaction 
with Student A was markedly different than the earlier inter-
action—Student A was actively engaged in making sense 

Fig. 6  (1 × 1) and (1 × X) algebra tiles

Fig. 7  What is the perimeter of this object? Explain
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of the given problem and confident in demonstrating her 
understanding to the teacher. Having overcome a legitimate 
challenge, Student A was (for the moment at least) more 
confident about her problem solving and more willing to 
dig in. For the moment, she had a greater sense of mathe-
matical agency—the disposition and capacity to engage with 
mathematics. This is linked to a larger sense of one’s math-
ematical identity—how you see yourself as a mathematical 
thinker and problem solver, what you see the mathematical 
enterprise to be, how you “own” the mathematics you have 
worked to produce, and how you fit in that larger picture.

In a kindergarten class I visited, children were working 
in groups of two or three. A student I will call D had mis-
understood the task at hand and was having a hard time. It 
took some time before she realized what was being asked of 
her, but with some help she developed an understanding of 
what was asked. She then set about working on the problem, 
checking in with her tablemates.

When the teacher called the class together to discuss 
the problem, he asked D to explain her thinking. He then 
asked her “Was it easy for you to solve this problem?” She 
answered “No, when I started I didn’t understand it. Then I 
made some mistakes and it took me a long time.” He asked, 
“Are you sure you got it right?” and she said yes. When he 
asked “Does everybody understand what [student D] did?” 
there was a chorus of yeses. The teacher then said, “You 
know, mathematicians, D showed us what it’s like to be a 
good mathematician. Sometimes you don’t understand a 
problem right away. Sometimes you don’t know what to do 
to get started, and you have to work really hard. Math can 
be hard. But if you work at it, then you’ll get it. That’s what 
being a mathematician is. Thank you for showing us, D.”

Part of what this teacher was doing was redefining what 
it means to be good at mathematics. It’s not simply getting 
“the right answer” fast; it’s about persevering, understand-
ing, sharing, and more. As in Sect. 5, this is a matter of the 
didactical contract (Brousseau 1997). When being good at 
mathematics is defined, even tacitly, as being able to get the 
answer quickly, classroom cultures quickly create winners 
and losers—those who are “math people” and those who are 
not. The problem is exacerbated by the presentation of math-
ematics as a purely abstract discipline, with little connection 
to people’s lives.3 Students who are convinced that there is 
a “math gene” (either you are born with mathematical tal-
ent or you are not), that mathematics does not relate to their 
lives, and that the clearest indicator of mathematical talent 
is ability to get “the answer” quickly, are likely to turn away 
from mathematics rapidly.

The first challenge, then, is to come to see mathematics 
as an arena of sense making. I am now convinced that all of 
the formal mathematics studied in K-12 can be seen as the 
codification of patterns of sense making: If we arrange for 
students to have the right experiences, formal mathematics 
can serve to organize and systematize those experiences. 
One example is that Deborah Ball’s third grade students 
were able to reason out why the sum of two odd numbers 
must be even, and provide what mathematicians would con-
sider a proof thereof (Stylianides 2005). Another is that my 
“remedial” college algebra students, after having significant 
difficulty reading their assigned text, were all able to infer 
the arc length formula s = rθ after discussing a carefully con-
structed sequence of examples.

I begin with this challenge because it is a matter of beliefs 
and orientations—if you believe that students are capable of 
mathematical sense making and of formalizing it, then you 
approach the mathematics classroom very differently than if 
you believe that the teacher’s responsibility is to lay out the 
content as presented in texts or standards, so that students 
can “master” it.

Teacher’s beliefs and orientations are fundamental in 
shaping their classroom decision making—and thus in 
shaping the learning environments teachers create for their 
students. As discussed above, seeing mathematics as a sense 
making activity is fundamental. Looked at through the lens 
of student identity development, it is closely related to 
growth mindset (e.g., Dweck 2006, 2012; http://minds etsch 
olars netwo rk.org/): students who believe that their mathe-
matical performance is positively related to their well-placed 
efforts are more likely to invest effort into doing mathemat-
ics—and that effort is more likely to pay off.

There are deep connections between sense making and 
culturally relevant pedagogy (e.g., Ladson-Billings 1994, 
1995), specifically with regard to the ways one thinks about 
curricula and students’ experiences of them. A primary 
design question becomes, “what experiences might stu-
dents have that would lead them to draw conclusions akin 
to the formal mathematics, so that those experiences can be 
codified with the appropriate formalism?” This is a more 
inductive view of mathematics instruction than is typical, 
and it opens up opportunities to connect mathematics to 
students’ lives in more meaningful ways. Even if a major 
goal of instruction is mathematical abstraction, there is no 
reason for the path to that abstraction to be devoid of real, 
meaningful content: the abstractions can codify a wide range 
of experiences. Such experiences, if more personally mean-
ingful, can enable students to mathematize situations that 
have meaning, contributing to mathematical conversations in 
ways that are richer, deeper, and more personally meaning-
ful than otherwise possible. The practices of modeling and 
sense making that students develop are valuable in their own 

3 Please note that these words are written by a mathematician whose 
early work was on the existence of continuous measure-preserving 
maps between Peano spaces, hardly an everyday topic. But, as dis-
cussed in Sect. 3.2, formal mathematics is often deeply grounded in 
personal experience.

http://mindsetscholarsnetwork.org/
http://mindsetscholarsnetwork.org/


 A. H. Schoenfeld 

1 3

right, and the deeper understandings they build can serve as 
stepping stones to abstraction.

In short, teachers’ orientations toward mathematics—as a 
sense making discipline, as one in which students can draw 
upon their knowledge and experience from outside the class-
room, as one in which students can learn to be increasingly 
powerful thinkers and problem solvers—are a fundamen-
tally important component of the Knowledge they bring to 
instruction.

How these orientations play out depends in fundamental 
ways on the resources teachers have at their disposal and 
their interpersonal skills in crafting environments to sup-
port their students’ development of productive mathematical 
identities. Some such resources include curricular materials 
that support teachers in providing students with opportuni-
ties for sense making [note, for example, the design of the 
formative assessment lessons (http://map.maths hell.org/)] 
and that provide support for culturally relevant pedagogy. 
Some of the key ideas in the literature on culturally relevant 
pedagogy include relating to students as individuals (Brown-
Jeffy & Cooper 2011), fostering their identity growth 
(Palmer 1998), and validating their identities as individuals 
(Gay 2018). These key ideas relate to other literatures, for 
example the literature on relational teaching (see Franke, 
Kazemi, & Battey 2007 for references in mathematics) and 
the idea of building on students’ funds of knowledge (Moll 
et al. 1992). There is a massive literature on reaching out 
to students with varied cultural backgrounds [see Banks & 
Banks (2004) for an encyclopedic survey]. There is a closely 
related literature on mathematics for social justice in which 
issues related to students’ lives often provide the contexts for 
mathematical explorations (e.g., Gutstein & Peterson 2005).

The challenge is to understand and organize these 
resources so that they can become part of teachers’ resource 
kits. Specific tools for focusing on Agency, Ownership, and 
Identity include the TRU Conversation Guide (Baldinger, 
Louie, & the Algebra Teaching Study and Mathematics 
Assessment Project 2018), the TRU Observation Guide 
(Schoenfeld & the Teaching for Robust Understanding Pro-
ject 2016) and On Target (Schoenfeld & the Teaching for 
Robust Understanding Project, in preparation). Central to all 
of these resources is developing the ability to craft learning 
environments in which students feel safe to venture ideas, 
listen carefully to the ideas advanced by their fellow stu-
dents, and subject all ideas to critical analysis, building on 
them when possible and appropriate.

First steps We might begin by building video cases that 
document/explore ways in which teachers open up discourse 
practices that support the growth of agency, ownership, and 
identity.

7  Teacher proficiency in dimension 5, 
formative assessment

Black and Wiliam (1998) defined formative assessment as

… all those activities undertaken by teachers, and 
by their students in assessing themselves, which pro-
vide information to be used as feedback to modify 
the teaching and learning activities in which they are 
engaged. Such assessment becomes “formative assess-
ment” when the evidence is actually used to adapt the 
teaching work to meet the needs of students. (p. 91)

One must add a key point to this general description: 
in formative assessment “meeting the needs of students” 
depends very much on students serving as resources for each 
other. Malcolm Swan, lead designer of the formative assess-
ment lessons (FALs), visited Berkeley when we were field 
testing them. A teacher who had National Board certification 
(the highest level of teacher status available in the US) told 
Swan that the FALs were driving her crazy. She was now 
aware of student misconceptions. The FALs provoked stu-
dents to reveal their misunderstandings. Just a few minutes 
into a lesson, a student would demonstrate a misconcep-
tion—and she rushed over to address it. No sooner had she 
done so when another student demonstrated that misconcep-
tion (or a different one)—and she rushed to fix that problem. 
The same happened with another student, and another. It was 
like playing whack-a-mole, she said—totally exhausting4!

It would be exhausting, Swan said, if she had to address 
each problem by herself. A key feature of the FALs is that 
the activities in them are designed so that students compare 
and contrast answers with each other. If a student produces 
a misconception, the odds are very high that another stu-
dent will challenge it—and much of the substance will be 
worked out in discussions between them.5 Recall the discus-
sion between the teacher and students A, B, and C in Sect. 5. 
The fact that students sort out the mathematics themselves, 
under the watchful eye of the teacher, does not diminish the 
role of the teacher. Rather, it allows the students to be the 
primary sense makers, with the teacher’s thoughtful guid-
ance. Learning to do that is not easy—as evidenced by the 
comment of that master teacher, and research by Kim (2017) 
and Seashore (2015). To repeat the point made in Sect. 6, 
this is both a matter of orientations (just what is the job of 
the teacher? what roles do students play?) and resources (the 
teacher’s Knowledge and the curricular tools available).

One way to conceptualize the role of formative assess-
ment is that it serves as the mechanism that gives coher-
ence to student-centered instruction. Figure 8 illustrates the 

4 If you are unfamiliar with whack-a-mole, take a look at https ://
www.youtu be.com/watch ?v=kbyek up6i6 U.
5 This is made clear in the Teacher’s Guide for the lesson.

http://map.mathshell.org/
https://www.youtube.com/watch?v=kbyekup6i6U
https://www.youtube.com/watch?v=kbyekup6i6U
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ways in which formative assessment can enhance classroom 
activities along the other four dimensions.

When student thinking is made public it provides evi-
dence the teacher can use to aim students productively 
toward rich mathematics. When there is no challenge or 
when sense making does not appear within reach there are 
ways to adjust cognitive demand so that students can be 
engaged in productive struggle. Observing who is engaged, 
in what ways, is a mechanism for supporting equitable 
access and for meaningful engagement and sense making.

That, of course, is in theory. In practice, it is extremely 
challenging to design help for teachers that supports the 
development of the kinds of Teacher Knowledge implied 
in Fig. 8. As noted by Burkhardt & Schoenfeld (2019, ms. 
Page 1)

Formative assessment in mathematics has not been 
successfully implemented at scale, with one exception 
– the Formative Assessment Lessons (FALs) produced 
by the Mathematics Assessment Project (see Burkhardt 
& Swan, 2017), which have so far had over seven mil-
lion lesson downloads.6 In addition, there has been 
significant variability in the impact of other attempts 
that have been documented (Black, Harrison, Lee, 
Marshall & Wiliam, 2003; Black & Wiliam, 1998; 
Burkhardt & Schoenfeld, 2018; Wiliam, 2016; Wiliam 
& Thompson, 2007).

Some of the reasons have already been suggested. Imple-
menting formative assessment successfully requires a set of 
resources and orientations that are hard to come by. The 
FALs provide specific lists of student misconceptions that 
are likely to arise when students engage with particular con-
tent and, equally important for the teacher, suggest interven-
tions in the form of questions that will help students to move 

their thinking forward. For this the lessons draw upon the 
accumulated pedagogical content knowledge of the field, 
as reflected in the research base; this far transcends the 
PCK that any individual teacher or researcher is likely to 
develop. The lessons themselves depend on pedagogies that 
include understandings of the misconceptions, and harness 
atypical classroom dynamics to confront them—much of 
the learning takes place in student-to-student interactions, 
as shaped by the teacher and the materials. Learning to do 
this is challenging.

First steps We might begin by documenting/exploring 
ways in which teachers develop as practitioners of forma-
tive assessment when supported by tools such as the FALS.

8  Discussion: toward a productive reframing 
of teacher proficiency, including teacher 
knowledge

My goal in this concluding discussion is to frame a program 
of research and development that can be used directly to 
support the improvement of teaching.7 The key ideas are 
grounded in two theoretical approaches that I hope to syn-
thesize. The first is the theory of decision making laid out 
in How we Think (Schoenfeld 2010): the decisions teach-
ers and others make in knowledge-intensive, highly social 
domains, can be modeled as a function of those individuals’ 
knowledge and resources (some of which were addressed in 
Schoenfeld & Kilpatrick 2008; see Table 1 above), orienta-
tions (including beliefs), and goals. Any attempt to under-
stand teachers’ actions must take all of these constructs into 
account. The same is true of attempts to help teachers teach 

Fig. 8  The key roles of Forma-
tive Assessment. Reproduced 
with permission from Burkhardt 
& Schoenfeld, 2019

6 Evidence of the impact of the FALs can be found in Herman, 
Epstein, Leon, La Torre Matrundola, Reber, & Choi (2014) and 
Research for Action (2015).

7 As noted in the introduction, Teacher Knowledge is a necessary but 
not sufficient component of what must be addressed. Teachers cannot 
be expected to do all the heavy lifting on their own: they need to be 
supported by well designed materials. That critically important issue 
is beyond the scope of this paper.
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more effectively. The second is the TRU framework. As 
discussed in Sect. 2, learning environments that offer rich 
opportunities in the five dimensions of TRU help students 
develop into knowledgeable and resourceful thinkers and 
problem solvers. The challenge, then, is to combine these 
two perspectives and ask,

What kinds of Knowledge, resources, orientations 
(including beliefs, but also inclinations and percep-
tions), and goals would enable teachers to craft learn-
ing environments that are rich along the five dimen-
sions of TRU? What kinds of experiences would 
enable pre-service and in-service teachers to develop 
such understandings and embed them in their practice?

This is still a theoretical challenge. The discussions in 
Sects. 3 through 7 suggest some things we know and some 
we need to explore in much more depth. Section 3, for exam-
ple, posed the question of what kinds of content and practice 
understandings really matter: which knowledge and prac-
tices are generative, allowing people to organize and if nec-
essary reconstruct their knowledge when needed? The few 
examples I gave suggest dimensions of Teacher Knowledge 
that have yet to be fleshed out. Once we have a better under-
standing of the theoretical issues, we will need to develop 
enhanced tools and measures as well.

The issues become that much more complex when one 
turns to the more student-focused aspects of Dimensions 2 
through 5 (Sects. 4 through 7 above). This, for one thing, 
is where the role of orientations becomes that much more 
prominent. Schoenfeld (2010) tells the story of a teacher 
who taught a very straightforward “here are the procedures 
to follow, step by step” type of class. When asked if he had 
ever considered just giving the students a problem and let-
ting them struggle with it, he responded, “Not these students. 
I might do that with honors students, but throwing a problem 
at these kids would just confuse them.” His beliefs about 
what his “regular” students could cope with resulted in his 
depriving them of opportunities.

Once one recognizes that orientations matter, the question 
then becomes how to shape them. As David Cohen’s 1990 
study of “Mrs. Oublier” indicates, teachers may “adopt” new 
beliefs rhetorically and think that they are teaching in accord 
with them, while much of their teaching reflects their previ-
ous, well-established habits. This should come as no sur-
prise. Beliefs and orientations are borne of experience over 
time, and they change slowly. (See Chapter 8 of Schoenfeld 
2010 for extensive detail).

Little is known about the formation of orientations and 
how they change. Such knowledge is essential if we are to 
help teachers develop orientations appropriate for the kinds 
of instruction discussed here. At this point, it is not even 
clear what orientations, at what levels of grain size, support 
this kind of teaching.

Then—and here is where Teacher Knowledge veers off 
into new territory—there is the question of what it takes 
to implement the kinds of pedagogical strategies that, for 
example, support group work in ways that are equitable and 
help students build productive mathematical identities. As 
discussed above, many of the skills required to make this 
happen verge on the intangible: a teacher senses that a stu-
dent can be pushed, or that a group should be left to work 
alone, or… Part of this has been called “relational teaching” 
(Franke, Kazemi, & Battey 2007) but there is much more.8 
Understanding, documenting, and assessing these proficien-
cies will be a substantial task.

In short, we have a substantial research and development 
agenda ahead of us—but one that, for the first time in my 
opinion, has a good chance of being theoretically complete 
with regard to understanding Teacher Knowledge and deci-
sion making in the service of creating mathematically pow-
erful classrooms.
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